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Abstract—Upper and lower bounds on the drag offered to a Newtonian fluid sphere placed in an Ellis model
fluid in creeping flow have been found using variational principles. For a solid sphere, the bounds are in good
agreement with those reported by earlier investigators.

INTRODUCTION
The hydrodynamics of the fall of fluid spheres in quiescent non-Newtonian media has been

studied by many investigators as this situation is encountered in many practical instances, such as
in the production of penicilin and in treatment of sewage wastes. Simple rheological models, such
as the power law model, are not nearly as interesting in representing real flow behavior because
these fail to predict limiting viscosities. The Ellis model is a generally accepted three parameter
model to describe the rheological behavior of most real fluids.

Variational principles for the flow of a generalized Newtonian fluid were first developed by
Johnson (1961) and later by Slattery (1972) and Yoshioka & Adachi (1971). These principles have
been used (Slattery 1961, 1962, 1972; Hopke & Slattery 1970; Mohan & Venkateswarlu 1974) to
obtain approximate solutions of the drag offered to a solid sphere. Of special interest is the work
of Hopke & Slattery (1970) who used the function space approach and presented both upper and
lower bounds on the drag offered to a solid sphere placed in an Ellis fluid in creeping flow. A
lower bound for the flow of an Ellis fluid past a fluid sphere was presented by Mohan &
Venkateswarlu (1974). However, in this analysis the trace of the extra stress tensor was not set to
zero.

In the present analysis, both upper and lower bounds on the drag offered to a Newtonian fluid
sphere placed in an Ellis fluid in creeping flow have been found using variational principles.

ANALYSIS
The equations of continuity and motion can be written in tensorial notation as

W__
=V, (1

p(Gr+vi) ="+ rieot, 2]
where p is the density, p the pressure, 7 the extra stress tensor, v the velocity and f the body
force.
The following assumptions are made:

1. The flow is steady, axisymmetric and creeping.

2. The fluid particle is spherical.

3. The fluid properties are constant.

4. The rheological behavior of the internal and external fluids are given by
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T=29D (internal),
T= ZZ;— D (external), [3a,b]
where
_1_ 1, VL
B_‘f) 7]0{1+[ Tin ] } [4]

D represents the rate-of-deformation tensor, 7, the viscosity of the internal Newtonian fluid, 8
the fluidity, n, the zero shear stress, a and 7., the Ellis model parameters and II, the second
invariant of the extra stress tensor.

The flow being two dimensional and axisymmetric, a stream function ¢ can be defined such
that, in spherical polar coordinate system (R, 6, ¢),

N S
U= " R%sin 6 90’ Bl
__1

Y% =TRsind R’ [6]

This definition of the velocity components satisfies the equation of continuity automatically.
Using [3a], [5] and [6], the equation of motion for the internal fluid becomes

D =0, (7]

where

32 sinfd (1 a\)°
4— — —— ———
b _{3r2+ r: a9 <sinoae)}‘ 8]

The work function E, the complementary work function E. and the functionals J, and H, for
the flow field are defined as (Slattery 1972)

E- f n dIL (9]

0
(rd,

Ec_ o 41]’ [10]

J.= E*dV+j (v—=v*) - ([T - péI] - n) dS, [11]
V(s) (5—Sy)

H,=- Ei‘dVJrf v ([T-poI]*-n)dS, {12}

Vis) N

where the quantities with superscript asterisk in [11] are obtained form trial velocity profiles that
satisfy the equation of continuity and prescribed conditions on S, where S, is that part of the
bounding surface S on which the velocity is explicitly specified. The quantities with a superscript
asterisk in [12] are obtained from a trial stress profile that satisfies Cauchy’s first law and
prescribed boundary conditions for stress on S.. V(s) represents the flow domain. It was shown
by Slattery (1972) that for single phase flows

Juzf EdV=H.. [13]
v
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The energy dissipation rate per unit volume is related to the work function E by

tt(7 -Vv)=2E (Newtonian fluids), [14]

a+1

2E=tr(r-Vv)=
a

E (Ellis fluids @ = 1). [15]
Inequalities [13] to [15] combine to yield (for a = 1),

2L ZZI‘ E; dV=J‘4 tr(r - Vv), dV =2(H,),, (16l

2(].,)022f EodVZJ. tr('r-Vv)odegai—l
[ Vo

Vi
x f Edv=2"Lg), [17]
Vo a

Because of the use of inequality [15] in obtaining inequality (17], only a bound-on-bound is
obtainable. Since for a@ =1, (a + 1/a) <2, we have, on combining inequalities [16] and [17],

a+l

2= [ (e T aV 2 I+ (H [18]

Vi+Vo

Inequality [18] gives the bound-on-bound on the energy dissipation rate for the system as a
whole.

Velocity principle
Trial stream functions are chosen in a form that reduce to the known solution for the
Newtonian case:

Yt =(Cir+ CorY(1 - Z)V.udt?, [19]
5= (-1r+ ar+22) -2V 20
0= 2 r 1r ’ ( ) Y/ N [ ]

Equation [19] satisfies the differential equation [7} and the requirement that (v,)* and (v, )* remain
finite as r - 0. Equation [20] with o equal to unity represents the flow of a Newtonian fluid past a
Newtonian fluid sphere.

The boundary conditions on the flow are

)i =()=0 at r=1,
(05)i = (ve)o at r=1, 21]

(1) = (7)o at r=1 [22]
Applying boundary conditions [21}, equations [19] and [20] yield

C] + C3 = 0,
A+ A,=1/2,
A —A,—1=2C,+4C.. [23]
The boundary condition [22] is solved approximately using Galerkin’s method (Finlayson 1972)
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which requires that
f_l (1=Z%){(re)i ~ (r0)olf*-1 dZ = 0. [24]

For the trial profiles given by [19] and [20], [24] reduces to the form

J" (1 - Z3" [((r - 1)(g-2)A,+6A,

{1 +(N|S*I/2 t;;: —6C3XE] dZ = 0, [25]

where the viscosity ratio Xz = n,/n, and S* is the dimensionless second invariant of the stress
tensor related to the dimensionless second invariant D* of the rate-of-deformation tensor by

D*=§*1+(N.S*")"'Y/4 [26a]
and for the trial stream function profile
D*=x"6Z*{(2- 0)A:1x"™" +3Ax7}
+(1-ZH{(e - 20 — DAx '™ +6A:xY/2). [26b]

From a macroscopic mechanical energy balance it can be shown that
V.F; = f tr(r-Vv)dV, [27]
Vi+Vo

where V.. is the free stream velocity and F, the drag force. Equation [27] can be combined with
inequality[18] and written in the dimensionless form

_CRe_ 1 f .
Yo = a7 Dy, H (T IOV
(o + 1)
< (28]

The trial stream functions given by [19] and [20] have five arbitrary constants, four of which
(A, A,, C,and Cs) arerelated to o by [23] and [25]. For any value of o, the values of A,, A, C,and
C,; are found using [23] and solving [25] by a Newton-Raphson iteration. The value of ¢ is chosen
such that the R.H.S. of inequality [28] is a minium.

The internal fluid is bounded by the spherical interface S;. -, of radius @ with the normal
radially outward. The external fluid is bounded by the interface Sy, -, with the normal radially
inward, and a sphere So, -« of radius infinity confining the unbounded fluid. The velocity is
explicitly specified on this latter surface and therefore,

S5i=(5-5.)i = Sic=n»
So = So(r:l) + SO(r==°), [29]

(S - Su)() = Sou:l)

Since v, = v*=0 at the interface, and since vs, v%, 7, and 7*, are continuous across the
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interface, we have from [11] that
Ju,,+1w=f E*:dv+f EXdV. [30]
Vi

Inequality [28] therefore becomes

Y= C“R U E*dv+f E*dV}/(qua-qum). 31]

Using the definition of the work function E given by[9], it can be shown that for the trial stream
functions

19 ~2 2a F1/2ya1
vl [ {2 msenre]
XxS*x*dxdx=F {32}

where S* is evaluated by solving [26]. The minimum of F is found by a Fibonacci search (Wilde
1964) on o and this gives the upper bound Y.

Stress principle
Trial extra stress tensors are chosen to be

() = 6Csr(1 - 2 (n, 2),

()t = (o)t = 4CorZ (n ), 3]
(7Y = =2(700) .

(o)} = ~Ax"(1- 29" (n02%),

()8 =~(Cx” + C'x)z (TF),

(Toa)o = ~(Ex" + E’x”)Z(noaV""). [34]

(o0)} = —(Fx® + F’x")Z("“g

Since tr [7] is zero, [34] requires that

C+F+E=0,
C'+F+E =0. [35]

Further, by substituting the trial stress functions given by {34] into the equation of motion and

equating
2 2

ad
TS 0+ P80 = o (p +pd)8 [36]

it can be shown that

E=F,
E'=F,
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D=2,
C'=(B~-1)A+F. [37]

The condition of jump momentum balance requires that the difference in the normal stress be
related to the interfacial tension. This difference manifests itself as a pressure difference (Happel
& Brenner 1965). However, the shear stress 7%, is continuous at the interface and therefore from
[33] and [34]

A = _6C2XE. [38]
Combining [28] and inequality [18] it can be shown that
CdRe 1

24 67Ta77() V Vi+ Vo

a

Y=

tr(r-Vv)dV

{(H )i + (H. o} (mano V..%). [39]
Since v, is zero at the interface, and 7%, and v, are continuous, [12] and [29] yield

(Ho+(Ho=- Ezav-[ Enav
Vi Vo

+f v ([T-podI}* n)dS. [40]
Soer = %)
Inequality [39] therefore becomes
CdRe ~____l_ _i _ _ 2 _1
Y="+— ” [ 3(F C)—16C X 3
41
f f {1+——(N.S*”’ }S*x “dx dZ]:H. [t

The trial extra stress tensors given by [33] and [34] have ten arbitrary constants. Equations
[35], [37] and [38] relate seven of these in terms of C,, C and B, which are chosen by the method
of Rosenbrock (Rosenbrock & Storey 1966) such that the quantity H in inequality [41] is a
maximum. This gives the lower bound Y, 5.

RESULTS AND DISCUSSION
In figure 1 is plotted the variation of the upper and lower bounds with the viscosity ratio X,

and indicates that 107 < X,; < 10° covers the range from the behavior of a bubble to that of a
solid sphere.

Figure 2 presents a plot of the variation of the bounds with the Ellis parameter o for various
values of X The results of Hopke & Slattery (1970) for a solid sphere are shown for comparison
with the results of the present investigation for the case of X = 10*. The upper and lower bounds
are seen to be quite close to those of Hopke & Slattery.

The variation of the bounds with « is shown in figure 3 for viscosity ratio X, = | for various
values of N,. It is seen that for any N,, the bounds diverge with increasing a. For N, — 0, the
upper bound tends to the Newtonian value of Y equai to (2 +3Xg)/(3+3Xg), while the lower
bound approaches (a + 1)/2a times the Newtonian value. For non-zero values of Ny, in the limit
as a — 1, the bound approaches half the value of Y for a Newtonian fluid with X = 2X,. since in
this limit n - (10/2). This limit for Y is equal to (1 + 3X)/(3 + 6 X;;) and is indicated in figure 3 for
the case Xg = 1.
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Figure 2. Variation of the bounds with the Ellis parameter a. Comparison with the results of Hopke &

Slattery (1970) for a solid sphere — - — - — - —- upper bound,and —+ - — - - —- - — - - lower bound.
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Figure 3. Effect of N, and a on the bounds.
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Linear asymptote
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Figure 5. Asymptotic behavior of the lower bound at large N, fora = 1.5.
It can be shown that for large values of N,
Y— Y, [NV " (42]

where Y, = C; - Re,[24 is the value of Y for the flow of a power law fluid (n = 1/a) past a solid
sphere. This asymptotic behavior of the bound at large N, is shown in figures 4 and 5 for the upper
bound with « =2 and Xg =1 and for the lower bound with a« = 1.5 and X = 1.

CONCLUSIONS
(1) The bounds on the drag are close for values of X near unity and diverge at higher values

of a for all values of N,.

(2) Asymptotic behavior of the bounds indicate that Newtonian values are obtained as N, -0
or @ - | and that the results for the flow of a power law fluid past a solid sphere are predicted in
the limit N, - o,
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